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I 
In our recent paper [14] two further generalizations of Ky Fan’s 
generalization [7] of his well-known intersection theorem [S] concerning 
sets with convex sections are obtained. The present paper is a continuation 
of [14] and contains two different results on sets with convex sections 
involving four sets. As direct applications, we shall formulate 
generalizations of the von Neumann minimax theorem [16] by applying 
the case n = 2 in our previous paper [ 14, Theorem 51 and two new results 
in this paper. 
2 
For comparison, we first state the case n = 2 explicitly of a result in our 
paper [ 14, Theorem 51. 
* This work was partially supported by NSERC of Canada under Grant A8096. 
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THEOREM 1. Let X, Y be non-empty convex sets, each in a Hausdorff 
topological vector space, and let A,, AZ, B, , B, be subsets of X x Y. Suppose 
that 
(a) Ajc B,for i= 1,2. 
(b) For each fixed XEX, the section A,(x) := {YE Y: (x, y) E A,} is 
open in Y and the section B*(x) := {YE Y: (x, y) E B,} is convex. 
(c) For each fixed yE Y, the section A,(y) := {XE X: (x, y)~ AZ} is 
open in X and the section B,(y) := (xEX: (x, y) E B, } is convex. 
(d) There exists a non-empty compact convex subset K of X x Y such 
that 
(d)’ A,(y)#0 andAAxJf0ffor all (x,Y)EK 
(d)” Kn CA,(Y) x AAx)1 f 0 .for all (x, .Y)E (Xx VW. 
Then the intersection B, n B, is non-empty. 
The following lemma will be needed in our proofs of Theorems 2 and 3. 
This lemma is a geometric formulation of a generalized minimax inequality 
due to Yen [ 171 and is given in our paper [ 13, Theorem 31. 
LEMMA. Let C be a non-empty compact convex subset of a Hausdorff 
topological vector space. Let S, Tc C x C be such that 
(a) SC T. 
(b) For each fixed x E C, the section ( y E C: (x, y) E S} is open in C. 
(c) For each fixed y E C, the section {x E C: (x, y) E S} is non-empty 
and the section (x E C: (x, y) E T} is convex. 
Then there exists a point j? E C such that (a, Z) E T 
THEOREM 2. Let X and Y be non-empty convex sets, each in a Hausdorfs 
topological vector space, and let A,, A,, B,, B2 be subsets of X x Y. Suppose 
that 
(a) Aic Bi for i= 1,2. 
(b) For eachfixedxEX, the section A,(x):= (y~x:(x,y)~A,} is 
open in Y, the section AT(x) := {YE Y: (x, y) E A*} is non-empty, and the 
section B,(x) : = ( y E Y: (x, y) E B2} is convex. 
(c) For each fixed YE Y, the section A,(y) := (XE X: (x, y) E A,) is 
open in X, the section A,(y) := { x E X: (x, y) E A, 1 is non-empty, and the 
section B,(y) := { x E X: (x, y) E B, > is convex. 
(d) There exists a non-empty compact convex subset X0 of X such that 
the intersection cltxO( Y\A,(x)) is compact. 
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Then the intersection B, n B, is non-empty. 
Proof: For each YE Y, the section A,(y) # @ [by (c)], so there exists 
XEX such that (x,y)~A , ; thus Y = uyEX A,(x) so that in particular, 
nl-.,(y\Al(x))c UliEX A,(x). By (b) and (d), we can find 
x1, x2,..., x, E X such that fi ,,dY\A~(x))c UY=, AI( Let C be the 
convex hull of X,, u {x, , x2,..., x, 1; then C is a compact convex subset of X 
and 
Y= u A,(x). (*I 
YEC 
For each x E X, the section A,(x) # Qr [by (b)], so there exists y E Y 
such that (x,y)~A*; thus X=lJ,,cYA2(y) and therefore CcU,.EYA2(y). 
As each AZ(y) is open in X [by (c)l, by compactness of C, there exist 
Yl, Y2Y.3 yrne Y such that Cc UT!, A,(y,). Let {cr,, cz2 ,..., a,} be a con- 
tinuous partition of unity subordinate to the covering f A,(y,): 
i = 1, 2,..., m > of C. Thus, for each 1 d i B m, tx,: C -+ [0, 1 ] is a continuous 
function on C with its support supp c(; c A,( y,) and x7=, zi(x) = 1 for each 
x E C. Define a continuous map p: C -+ Y by 
t71 
P(X) := 1 @i(X) Y, 
r=l 
for each x E C. If x E C and i E { 1,2 ,..., m) are such that ai > 0, then 
x E supp M, c A 2( y;) and therefore (x, yi) E A 2 c B,. As each B2(x) is convex 
[by (b)], we have (x, p(x)) E B, for all x E C. 
Now, we define two sets S, T c C x C by 
s:= {(x, C)ECX c: (X,P(C))EA,}, 
T:= {(x,c)~CxC:(x,p(c))~B,} 
Then S c T, since A, c B,. For each fixed x E C, the section 
(xEC:(x,c)ES}=p~‘((yEY:(x,y)EA,})isopeninC[by(b)andthe 
continuity of p]. For each fixed c E C, we have (i) p(c) E Y, so there exists 
XE C such that p(c) E A,(x) [by (*)I and therefore (x, p(c)) E A,, i.e., the 
section {x E C: (x, c) E S} is non-empty; (ii) the section {x E C: (x, c) E T} is 
convex [by (c)l. 
By the Lemma stated above, there exists f E C such that (-i-, 2) E T, i.e., 
(&p(i)) E B,. As i.~ C, we have (a, p(2)) E B, and the proof is com- 
plete. m 
A few remarks concerning Theorem 2 are in order. First, if the “coercive” 
condition (d) is replaced by “There exists a non-empty compact convex 
subset Y0 of Y such that the intersection n, c y0 (X\A,(y)) is compact,” 
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then the conclusion of Theorem 2 still holds. The coercive condition (d) of 
Theorem 2 is simpler than the coercive condition given in condition (d) of 
Theorem 1, but is not comparable. The argument given in the proof of 
Theorem 2 goes back to Browder [3, proof of Theorem 11, Ky Fan [6, 
Proof of Theorem 31, and Allen [ 1, Proof of Theorem 21 (see also Itoh, 
Takahashi, and Yanagi [lo] and Ha [9]). Condition (d) is satisfied when 
X or Y is compact. To see this, if X is compact, then by taking X0 : = X, we 
have n ,.X”v\Ad4)=0 since Y= u.rGX A,(x); if Y is compact, then 
n,EX,,( Y\A,(x)) is compact since each A,(x) is open in Y. When A,=B, 
for i= 1, 2, our Theorem 2 reduces to Ha’s result [9]. In the case when Y is 
compact, from our proof of Theorem 2, we have the following intersection 
theorem, generalizing Liu’s result [ 123 (for the case A i = B,, i = 1, 2). 
THEOREM 3. Let X he a non-empty convex set in a vector space E and Y 
a non-empty compact convex set in a Hausdorff topological vector space F, 
and let A,, AZ, B,, B, be subsets qf X x Y. Suppose that 
(a) Ajc Bi,for i= 1, 2. 
(b) For each fixed x E X, the section A,(x) : = ( y E Y: (x, y) E A 1 ) is 
open in Y, the section A2(x) : = {y E Y: (x, y) E A*} is non-empty, and the 
section B2(x) : = { y E Y: (x, y) E B,} is convex. 
(c) For eachjkedye Y, the section A,(g) := {VEX: (x,y)~A,] has 
the property that its intersection with the convex hull of any finite subset qf X 
is open in that convex hull when it is equipped with the euclidean topology, 
the section A,(y) : = {x E X: (x, y) E A, } is non-empty, and the section 
B,(y) := {VEX: (x, y)~ B,} is convex. 
Then the intersection B, n B, is non-empty. 
3 
Recall that a real-valued function 4 defined on a convex set X is said to 
be quasi-concave if for every real number t, the set {X E X: d(x) > t} is con- 
vex; 4 is said to be quasi-convex if -d is quasi-concave. 
THEOREM 4. Let X and Y be non-empty convex sets, each in a Hausdorff 
topological vector space, and let f, u, v, g: Xx Y -+ R be ,four real-valued 
functions such that 
(a) f Gudvdg on Xx Y. 
(b) For each fixed x E X, f (x, y) is a lower semi-continuous function of 
y on Y. 
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(c) For each fixed y E Y, u(x, y) is a quasi-concave function of x on X. 
(d) For each fixed x E X, u(x, y) is a quasi-convex function of y on Y. 
(e) For each fixed y E Y, g(x, y) is an upper semi-continuous function 
of x on X. 
Then: (1) If there exist non-empty compact convex sets A4 c X and N c Y 
such that 
Equality I: inf sup f(x, y ) = inf sup f(x, y), 
~EY.xEM ytNxsX 
Equality II: sup inf g(x, y) = sup inf g(x, y), 
.x E X J E N YEMJ,E Y 
then the following minimax inequality holds: 
Inequality III: CI = inf sup f(x, y) d sup inf g(x, y) = fl. 
veN.rsX reMy~Y 
(2) If there exists a non-empty compact convex subset X0 of X and a 
non-empty compact subset L of Y such that 
Inequality IV: inf sup f (x, y) G inf sup f(x, y), 
)EY YEX ?‘E Y'L rsxo 
then the following minimax inequality holds: 
Inequality V: y = inf sup f (x, y) < sup inf g(x, y) f rj. 
.vt Y r.EX liEX YE Y 
Proof. (1) To prove Inequality III, we may assume that a # --a and 
fi # +co. Assume to the contrary that c1> fl. Choose a real number p with 
cc>p>/?. Let 
A, := {b,Y)EXX r:f(X,Y)>P}> 
AI := {(x,y)~:Xx Y: Ax, y)<p}, 
B, := {(x,y)cXx Y:u(x, y)>p}, 
B,:= {(x,y)~Xx Y:v(x,y)<p). 
Let K : = M x N; then c( > p and p > fl imply that (i) for each (x, y) E K, we 
have A,(y)#@ and A,(x)#@, and (ii) for each (x, y)~ (Xx Y)\K, 
Kn [A,(y) x A,(x)] # $3. Other conditions of Theorem 1 are easily 
verified. By Theorem 1, B, n B, # Iz, so that there exists a point (2, j) E 
Xx Y such that u(.?, 1;) > p and o(Z, 9) <p which contradicts (a). This 
proves Inequality III. 
(2) To prove Inequality V, we may assume that y # --XI and 
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v # +co. Assume to the contrary that y > 0. Choose a real number /z such 
that y > 1. > q. Let 
A, := {(X,Y)EXX Y:f(x,y)>A), 
A* := {(x,y)EXX y: g(x,y)<l}, 
B, := {(X,Y)EXX Y:u(x,y)>~~j, 
B2 := {(x,y)~Xx Y: v(x,y)<R}. 
Then y > 1 implies that for each y E Y, A,(y) # a; and 1> ye implies that 
for each XEX, A,(x) # 0. Inequality IV implies that n.rEx,,( Y\A,(x)) is 
compact (since each A,(x) is open in Y and nXEX,( Y\A,(x)) c L). Other 
conditions of Theorem 2 are easily verified. By Theorem 2, B, n B, # 0 so 
that there exists (a, j) E Xx Y such that u(& p) > ,? and v(& 9) < J. which 
contradicts (a). This proves Inequality V. 1 
In the case when f = u E u z g, Inequality III becomes 
(i) min sup f (x, y) = max inf ,f(x, y), 
.VEN XEX XGM .yt Y 
from which we have 
(ii) inf sup f(x, y) = sup inf f(x, y). 
J’E Y xtx .r E x .,’ t Y 
Applying Theorem 3, we have the following minimax inequality which 
was given in Granas [S]. Granas’ proof is based on Ky Fan’s well-known 
infinite-dimensional generalization [4] of the classical Knaster- 
Kuratowski-Mazurkiewicz theorem [ 111. In the case when f = u, g= u, 
Theorem 5 was obtained by Liu [ 121. 
THEOREM 5. Let X be a non-empty convex set in a vector space E, and Y 
a non-empty compact convex set in a Hausdorff topological vector space F, 
and let f, u, v, g: Xx Y -+ R be four real-valued functions such that: 
(a) f <u<o<g on Xx Y. 
(b) For each fixed x E X, f (x, y) is a lower semi-continuous function of 
y on Y. 
(c) For each fixed y E Y, u(x, y) is a quasi-concave function of x on X. 
(d) For each fixed x E X, v(x, y) is a quasi-convex function of y on Y. 
(e) For each fixed ye Y, g(x, y) is an upper semi-continuous function 
of x on the convex hull of any finite subset of X when it is equipped with the 
euclidean topology. 
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Then the following minimax inequality holds: 
inf sup f(x, y) d sup inf g(x, y ). 
,vEY XEX rsx SE Y
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